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ABSTRACT: We apply the holographic method to 5D gauge theories on the warped interval.
Our treatment includes the scalars associated with the fifth gauge field component, which
appear as 4D Goldstone bosons in the holographic effective action.

Applications are considered to two classes of models in which these scalars play an impor-
tant role. In the Composite-Higgs (and/or Gauge-Higgs Unification) scenario, the scalars
are interpreted as the Higgs field and we use the holographic recipe to compute its one-loop
potential. In AdS/QC D models, the scalars are identified with the mesons and we compute
holographically the Chiral Perturbation Theory Lagrangian up to p* order.

We also discuss, using the holographic perspective, the effect of including a Chern-Simons
term in the 5D gauge Lagrangian. We show that it makes a Wess-Zumino-Witten term
to appear in the holographic effective action. This is immediately applied to AdS/QCD,
where a Chern-Simons term is needed in order to mimic the Adler-Bardeen chiral anomaly.
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1. Introduction

Models with one extra dimension compactified on an interval have been widely studied
in the last years, especially after Randall and Sundrum (RS) [[l] pointed out the virtues
of “warped” compactifications. Applications have been considered to a wide range of
physical problems but, in view of the starting of LHC, the many warped and flat extra-
dimensional models of New Physics at the TeV scale deserve a particular mention. An
incomplete list includes Higgsless theories [B, ] and models of Gauge-Higgs Unification
in flat [-B] and warped [[-[l0] space. The latter scenario, which is also interpreted as
a calculable version of Composite-Higgs [[L1], appears particularly promising. The models
of “holographic QCD” (so-called AdS/QCD) are another remarkable application of the
warped segment [[J, [[J]: inspired by the AdS/CFT correspondence [[[4}, [[5], such simple



phenomenological constructions mimic some aspects of strong interactions to a certain level
of accuracy.

The standard approach to theories on the interval is the Kaluza-Klein (KK) decompo-
sition. One expands the 5D field on a basis of mass eigenstates and rewrites the theory in
terms of an infinite KK tower of 4D fields. At low energies, an effective theory is obtained
by integrating out the heavy KK states and retaining only the zero-mode. A useful alter-
native [[d, [7] (for the case of fermions see [[J]) is the so-called “holographic” procedure,
which consists in separating the value @(x) = ®(z, zyy) of the 5D fields at one boundary
from the “bulk” degrees of freedom contained in ®(x,z) for z # zyy. By integrating out
the latter, one gets an effective holographic Lagrangian for the boundary field </1\>(3:) which
is not a mass eigenstate but a linear combination of all the KK modes. As long as :1;(:6)
has a non-vanishing overlap with the zero-mode, however, it can safely be used to describe
the lightest state and the holographic Lagrangian is a perfectly valid effective description
of the original theory. For any physical process, the holographic theory will give exactly
the same results as the standard effective theory for the zero-modes.

When a dual AdS/CFT interpretation is possible, holography is necessary [[5] to
compute correlators of the dual 4D theory, because the boundary values of 5D fields are
sources for the 4D operators. The holographic procedure, however, is just a technical tool
which can be applied to any 5D theory even if no 4D dual exists as it is the case, for
instance, when the space is flat. Though completely equivalent to the standard one, the
holographic analysis is much simpler for certain applications. An example is the calculation
of “universal” corrections induced by KK exchange [[7, [[9] (see also [, ] for the application
to more realistic models). Another interesting application is the determination of three-
point functions and in particular of the Zbb vertex [f].

Aim of the present paper is to apply the holographic method to the case of 5D gauge
theories, we will develop a precise recipe to construct the holographic effective action for a
general bulk group and general boundary conditions. The holographic action we construct
includes the scalar degrees of freedom which may arise, depending on the boundary con-
ditions, from the fifth gauge field component. As a matter of fact, these scalars play an
important role in many interesting models, and an holographic effective theory in which
they are included can then have very useful applications. The holographic theory contains
indeed all the 4D fields which are needed to describe the light states, including the scalars,
of the 5D model. It can then provide a useful low-energy effective description.

In the (flat or warped) models of Gauge-Higgs Unification, for instance, the scalars
which come from an extended EW gauge group in 5D are interpreted as the Higgs field
and its dynamics could be described by the holographic effective theory which we discuss.
Moreover, when an AdS/CFT interpretation is possible, the scalars correspond to (possibly
pseudo—)Goldstone bosons of a spontaneously broken global symmetry of the dual 4D
theory [[J. This is the reason why Gauge-Higgs Unification models in warped space also
describe a Composite Higgs. The simplest version of AdS/QCD (discussed in detail in [R{])
is also based on this observation, the mesons arise from the fifth component of SU(3)z x
SU(3)r gauge fields when the bulk group is broken at the IR to its vector subgroup. In this
case, the holographic effective Lagrangian is interpreted as the one of Chiral Perturbation



Theory (xyPT) and the holographic method can be used to extract AdS/QC D predictions
of the yPT parameters in an efficient way.

The paper is organized as follows. In section 2 we discuss the holography of non-Abelian
gauge theories with general bulk group G broken to H at the IR brane and introduce a
convenient gauge-fixing. In our gauge there are no ghosts, the scalars are described by a 4D
Goldston boson matrix which parametrizes the G/H coset and the holographic action is
invariant under the full bulk gauge group G. This makes completely explicit the AdS/CFT
interpretation and provides a useful tool even when this interpretation is absent.

In section 3 we consider applications to the Composite-Higgs (and/or Gauge-Higgs
Unification) scenario. By integrating out the bulk at tree-level we derive the holographic
effective action and use it to compute the Higgs effective potential at one loop. Compared
with the standard KK one, the holographic calculation is much simpler. The holographic
approach is also useful for AdS/QCD, as we discuss in section 4. For such case, we
determine the YPT action to O(p*) and we show that our result coincides with the one
derived in [2{] after a long KK calculation.

Section 5 is devoted to more theoretical considerations. We discuss how the presence
of a Chern-Simons (CS) term in the 5D Lagrangian affects the 4D holographic action. As
expected [@], the CS introduces an anomaly in the holographic theory, and then makes a
gauged Wess-Zumino-Witten term to appear in the holographic Goldstone bosons action.
We consider a rather general case, but we later specify to QCD where a CS is needed to
mimic the Adler-Bardeen chiral anomaly. Such term, indeed, automatically appears in the
stringy version of holographic QCD discussed in [2J].

Our conclusions are in section 6; appendix A contains a more formal derivation, which
we will need in section 5, of the gauge-fixed holographic partition function. In appendix
we discuss how localized terms can be easily handled within the holographic procedure.
Details on the calculation of the holographic effective action in the particular cases of flat
and AdS5 spaces are reported in appendix [d.

2. Gauge theories on the interval: holographic approach

In this paper we will be dealing with five-dimensional models compactified on a generic
warped segment. The 5D metric is

ds* = a(2)? (dz,da — d2?) (2.1)

where the fifth coordinate z is defined on the interval [zyy, 21z, the warp function a(z)
is assumed to be regular and positive and the 4D coordinates have been rescaled to fix
a(zyy) = 1. In our notations 4D indices are raised and lowered with the Minkowski metric
n = diag(+, —, —, —). From the above general formula flat space is recovered for a(z) =1
while the RS set-up (i.e. AdSs) corresponds to a(z) = L/z, zyy = L.

As discussed in the Introduction, a powerful tool to deal with field theories on the
warped space of eq. (R.) is provided by the holographic method. On general grounds, it
consists in separating the UV boundary value of the fields from their bulk fluctuations,
treating them as distinct degrees of freedom. Of course, it is useful to take this approach



when, after having separated the brane from the bulk, one integrates out the latter in order
to obtain an effective theory for the holographic fields. In this section we apply the first
step of the holographic program to the case of a gauge theory. The second step, i.e. the
integration of the bulk degrees of freedom, will be taken in the next section.

Gauge theories in the generic warped space of eq. (R.1)) are our target. To introduce
basic concepts of the holographic approach avoiding any technical complication, however,
we find it useful to start with the simpler case of a massless scalar field in flat space.!

Having worked out this example, it will be simple to discuss gauge fields.

The example of a scalar. Our starting point is the standard 5D action

S[®] = % / dz [0, 00" — (2.9)?] (2.2)

uv

where we omitted the d*z integral and 9, is the derivative along the extra coordinate. The
theory is defined by the partition function

Z = /be(x,z)b_c. eis[q)}, (2.3)

where the “b.c.” subscript means that suitable boundary conditions are imposed on the
field configurations one integrates over. The allowed boundary conditions are extracted by
varying the action (R.2)

+ [600.0), .,  (2.4)

ZIR Zuv

Zm
59 [®] = / dz [—690,0"® + §9IP| — [690. D]
Zuv
and imposing the boundary terms to vanish, so that the tree-level equation of motion coin-
cides with the 5D Klein-Gordon equation. The two well known possibilities are Neumann
(0,® = 0) or Dirichlet (® = 0) boundary conditions on each brane.

Once a particular set of conditions has been chosen, the standard KK approach consists
in expanding ® on a basis for functions on the segment which obey such conditions. Those
functions are a numerable set and the 5D functional integral in eq. (P.J) is rewritten as
an infinite product of 4D integrals. To discuss the holographic approach, we must first
of all make a distinction between the two boundaries and treat them in a different way.
We will consider a field which is, for the moment, unconstrained at the UV and satisfies
a given boundary condition at the TR. We introduce a 4D scalar “source” field ¢(x)
and an “holographic” path-integral, in which the allowed 5D field configurations are only
those which reduce to ¢(x) at the UV brane. The holographic partition function and the
corresponding holographic action are defined as

Zlo@) = 900 = [ Db(a g,y ¢, (2.5)

'Restricting to flat space we will avoid the complication due to the localized mass-terms which are
commonly introduced in order to obtain a zero-mode. The general treatment of the scalars can be found
in the appendices B and C.



where ®(z) = ®(z, z,y) and the IR boundary conditions are understood. It is very casy to
make contact with the standard definition (R.J) of the partition function which also includes
boundary conditions at the UV. Depending on whether ® is Dirichlet or Neumann we have,
respectively

Z=Z[px)=0], o Z = / Do() Z [6(x)] (2.6)

In words, this is just the usual statement that in the Dirichlet case ¢ is a non-dynamical
source to be put to zero at the end of the calculation, while Neumann boundary conditions
are obtained by making the source dynamical. While the first (Dirichlet) case of eq. (R.6)
is trivial, one should be careful with the second one. Integrating eq. (R.5) in D¢ as done
in eq. (2.6) is the same as integrating over the 5D field ® without any boundary condition
at the UV. Its variation 0P is then also unconstrained and hence, to cancel the action
variation (2.4), the Neumann boundary condition [0,P] .., = 0 arises as an equation of
motion. Notice that, even though the equivalence (B.g) has been written in a fully quantum
form, we have only proven it at tree-level having shown that the classical equations of

motion (including the boundary conditions) are the same.?

Holography for the gauge fields. Let us now consider a 5D gauge theory with gauge
group G broken to H C G at the ITR. We take G to be a compact Lie group and call
t4 = {t* t%} its generators normalized to 2Tr[t4 t8] = §4B. The ts are the generators of
the subgroup H while the t%’s generate the right coset G /H, in the sense that any element
g € G can be uniquely decomposed as:

g ="t = MR o Mt = p[g] 0 hilg), (2.7)

where hglg] € H. With the metric (R.1]) the gauge action reads

ZIR
5= [ @t nien e 4 on., (2.8)
95 Jzuy
where the gauge field strength is Fyyny = F]\/}[NtA = O AN — ONAn — i[An, An| with
M = {p, 2} and Ay = A4t
As for the scalar, let us first of all determine the allowed boundary conditions by
varying the action. We get

2

2 ZIR
55 = 2 / dzTr [5A" (a D" Fyp + Do(a Eys)) — 64, (a DPF,)]
95 Jzuy

; (2.9)

ZIR Zuv

2 2
——TrlaF.0A"], + —TrlaF,.0A"]
95 95

where we defined Dy; = Oy — i[Anr, -]. To cancel the boundary variations and obtain the

non-Abelian Maxwell equation in the bulk two possibilities are given. At each boundary

2In the following section we will use holography to compute the 1-loop Higgs effective potential and the
result matches the one obtained with the standard KK approach. This success, however, does not rely on
the validity of the equivalence at one-loop order because the effective potential is completely determined
by the tree-level spectrum.



and for each component A4 of the gauge field either we take Dirichlet (Af = 0) or Neumann
(F ;fz, = 0) boundary conditions. The first choice induces a breaking of the transformations
generated by ¢, while the symmetry is unbroken in the second case.> We have to choose
the boundary conditions in such a way that the Neumann generators at each brane form a
subgroup of G. At the IR we have

(B, (2,20) =0, (A (2,2m) =0, (2.10)

while the UV boundary conditions need not to be specified, at the moment.
Analogously to eq. (2.5), the holographic action is defined as

Z[B,] = SilBa) — / DA, (,2)5 _ DA:(r,2) exp i [4]], (2.11)

:BH
where gu = A, (z, zyv) and we introduced 4D vector sources B;‘ for each generator of G.
As for the scalar, any boundary condition at the UV can be implemented once we have
the holographic action (2.11]). If a given component AZ‘ is Dirichlet we simply have to put
the corresponding source Bﬁ‘ to zero, if it is Neumann we have to make it dynamical. If
[5Aﬁ] . # 0, indeed, the Neumann condition [F j‘z] I 0 arises as an equation of motion
in order to cancel the action variation (B.9). To recover a standard 5D theory with G
broken to H' C G at the UV, then, we just have to make dynamical the sources associated
to H' and put the others to zero.

By construction, the action is invariant under local 5D transformations g(x,z) € G
which act on the gauge fields as

Ay — AY = g[Ay + i0u) 9" (2.12)

The IR boundary conditions (B.10), however, are only H-invariant and hence the allowed
transformations must reduce to H at the IR, i.e. g(x,zz) = h € H. The action and
the measure (including the UV constraint A = B) in eq. (B11) are invariant under the
“bulk” local group Gpg, which we define as the set of allowed transformations which reduce
to the identity at the UV brane, Gg = {g(z,2) € G : g(x,2r) € H,g(x,zyy) = 1}. Due
to Gp invariance, the integrand in eq. (B.11) has flat directions and the path-integral is
ill-defined. This requires a gauge-fixing of the local Gp group which we will discuss in the
next subsection.

It is important to remark that the holographic action defined by eq. (R.11)) is gauge
invariant under the full 4D local group G in the sense that

Z [Bf?)] = Z[B,], (2.13)

where g(z) is a generic 4D local G transformation. This is easily shown by performing a
5D gauge transformation g(z,z) which reduces to g(z) at the UV, g(z, zyv) = g(x), and

3Dirichlet boundary conditions for A, are usually accompanied by Neumann conditions 8,4, = 0 for
A, while the usual form of the Neumann condition is 0.A, = A, = 0. The need for additional conditions
is due to the commonly used gauge-fixing.



of course belongs to H, g(z,zr) = h(z), at the IR.* When an AdS/CFT interpretation
is possible (as for a(z) = L/z in eq. (B.1)), the 5D model would be dual to a 4D strongly
coupled theory with global G invariance and the holographic partition function (R.11]) would
be interpreted as the partition function of the 4D theory in the presence of sources B;‘
for the global currents Jl‘;‘. Of course, the gauge invariance (2.13) is necessary for this
interpretation to be possible.

An “holographic” gauge-fixing. To fix the Gp gauge invariance of eq. (R.11) we will
go to the axial gauge, in which the fifth component A, of the gauge field is put to zero. It is
clear that any consistent gauge-fixing would lead to the same physical results and one could
even not fix the gauge at all as done for instance in [R(]. Our choice, however, appears
particularly convenient because the scalar degrees of freedom are directly parametrized by
a 4D Goldstone boson matrix ¥ (see eq. (2.20)) and the G invariance of the holographic
theory is explicit. Moreover, in the axial gauge there are no ghosts and this is useful in
view of a possible AdS/CFT interpretation.

Starting from a generic gauge field configuration a unique local transformation g exists
which puts A, to zero, i.e. Ag) = 0, and reduces to the identity on the UV brane. This is
the Wilson Line

g(x,z) = W(zpy,2; A) =P {exp [—2/ dz' A% (z, 2" tA]} , (2.14)

on a straight path going from the UV brane to a generic point z. In general, g does not
belong to the symmetry group Gp since it does not reduce to H at the IR and therefore
it cannot be used to reach the axial gauge. This was to be expected, of course, given that
the theory has to contain physical scalars. In order for g to be useful we have to formally
restore the full G invariance of eq. (R.11)) at the IR. To this end we introduce a 4D field

Y(z) = exp [2 aa(x)ta} ) (2.15)
and change the boundary conditions (R.10) by rotating them with »lea:

(F(E”))“ (2, 2m) = 0, (A(E”))Z(x,zm) ~0. (2.16)

nz

Under IR gauge transformations we take X to transform as a Goldstone field
S(x) — 29(z) = yrg(z, 2m) 0 X(2)] (2.17)

where yz|.] is the projector from G to the right G/H coset defined by eq. (R.74). It is easily
checked that the boundary conditions (R.16), given the transformation rule (R.17) for the
Goldstone boson field, are now invariant under generic transformations g(x, ziz) € G.

4If seen as a map to G/H, h(z) is just the identity. After rotating to the Euclidean, the problem
of finding the 5D transformation g which permits to prove eq. () is exactly the same of finding an
homotopy which deforms into the identity the generic S* — G/H map G(x). We will assume that wa(G/H)
is trivial, so that g always exists.



It should be noted that no extra dynamics has been introduced in the theory when
we added the Goldstone field ¥. We apparently added dim(G/H) new real 4D (axion-
like) scalars og, but we simultaneously enlarged the I R gauge group by adding dim(G/H)
symmetry transformations. We could put ¥ to 1 fixing in this way the G/H invariance at
the IR and recover the original theory with no ¥ field, boundary conditions as in eq. (R.1()
and restricted gauge invariance. It is worth remarking that a 4D Goldstone field localized
at the IR would naturally appear if, as usually assumed (see for instance [, [[7, PJ]),
the symmetry-breaking boundary conditions originate from some localized Higgs multiplet
whose massive fluctuations have been decoupled by taking the VEV to infinity. The present
discussion could be more directly applied to that case, in which the theory one starts with
is fully G-invariant. Our gauge-fixing procedure is however self-consistent even without
this interpretation, a more formal derivation can be found in appendix A.

Instead of fixing the gauge group, up to now we have enlarged it. But now that g
in eq. (R.14) belongs to the symmetry group we can easily go through a Fadeev-Popov
procedure to fix the gauge. It is

1= /Dg(x,z)§15 [Ag,g)} Det {Dz [A(g)}} , (2.18)

where the Haar measure of GG is understood in the group integral. To prove the above
identity one performs the change of variable ¢ — ¢ o g, so that in the new variable the
delta function condition is simply ¢ = 1 and the integral only receives contributions from
the g ~ 1 region. For g ~ 1, dg ~ Il4da s and the identity is immediately demonstrated.
The determinant in eq. (R.1§) could be associated to a ghost action. However, since AS’)
is the only component of A which enters in D,[A®)] and it is fixed to zero by the delta
function, the determinant is just a constant which we can drop. As customary, in the axial
gauge there are no ghosts.

We now multiply our partition function by “1” written as in eq. (R.1§) and with very
standard manipulations we arrive to

709 (B,] = / DE(2) DA, )5 _p, expliS [An A =0 . (2.10)

=B

For simplicity, in the above equation we did not write the IR boundary conditions on
the A, integral. Those are given by eq. (R.16) and depend on ¥. Note that the action
S[A,, A, = 0] is still invariant under G transformations which are constant along the extra

coordinate. If we change variable 4, — AELE) in the second functional integral, then, we
can further simplify eq. (B.19) by moving the dependence on ¥ from the IR to the UV
brane. We finally get

799 [B,] = / DY (z) exp [iS, B, X]]

_ / DY) DA @.2); oy exp[iS (4, A =0, (220)

where the IR boundary conditions are now given by eq. (R.1() in which, since A, = 0, we
can take F,, = —0.A,. In eq. (2.2() we also defined the holographic action Sy, [B,, X].



When a dual AdS/CFT interpretation is possible this is the effective action for the Gold-
stone bosons in the presence of sources for the currents.

From our procedure the gauge invariance of eq. (B.2() should be automatic. We can
immediately check that Sj, {B!(Lg), 2(9)] = Si[Bu, ¥]. Indeed, due to eq. RI7) %9 =
goXoh so that

(9))—1 -1
<B(g)>((2 M=) _ B((z(g))flog) _ B(h*IOZ”) _ (B(E—l))(h ) ‘ (2'21)
Under a generic element of GG, the boundary value gu = B,(Fil) of the 5D field only rotates
with an H transformation. The latter can be removed by a change of variable since both
the action and the I R boundary conditions are H invariant. This demonstrates the gauge
invariance of Sy and, as a by-product, the gauge invariance of Z9-f (Bl

3. The tree-level holographic action

In the previous section we have shown how to rewrite the partition function of a 5D gauge
theory in terms of 4D holographic fields. With a bulk group G broken to H at the IR and
to H' at the UV the 4D dynamical degrees of freedom are the gauge fields BL associated
to H' and the Goldstone bosons ¥ which parametrize the G/H coset. The action Sy[B’, X]
is defined in eq. (2.2(]), one simply has to put to zero the sources associated to G/H’. In
this section we will compute at tree-level the quadratic effective holographic action for a
generic 5D gauge theory with generic bulk fermion content. Having in mind applications
to models of Gauge-Higgs Unification, we will later use the action to compute the one-loop
potential for X, i.e. for the Higgs. Details on the calculations can be found in appendix C,
in which we also include bulk scalars.

Let us start with the gauge fields, Sy is defined by eq. (.20) and to compute its
quadratic part at tree-level one has to solve the linearized classical EOM’s and then put the
solutions back into the quadratic 5D action.® For what concerns the boundary conditions,
one has to impose eq. (2.1() at the IR and the holographic condition A = BCE™) at the
UV. It is convenient to separate the longitudinal and transverse components of the gauge
fields and to go to the 4D momentum space. We parametrize the solutions as

AP (p2) = AP (p) 1A, 2)
Al (p,2) = A () fA (9%, 2)

where A indicates as usual the value of the 5D field at the U V, so that ft‘é‘l(zUV) =1. The
bulk EOM’s are easily extracted by varying the Yang-Mills action in the axial gauge. This

(3.1)

is done in appendix C and the result is

PR + ——0.(a(2)0.) fA = 0,
;a) (3.2)
@@(a(z)az)ff =0.

®To obtain the full effective action one should solve the complete bulk equations of motion and this

would require a suitable perturbative expansion [@] This will be important in the next section in which
we will use holography to compute interactions.



According to eq. (R.10), the components associated to H (i.e. fgl) are Neumann at the
IR while the fgl’s are Dirichlet. Given the UV condition ft‘f‘l(zUV) = 1 the solutions are
completely determined, even though analytic expressions can only be obtained in very
special cases.5 Notice that f{(p?,z) = fA(p* = 0,2) and that the form of each f4 only
depends on whether the corresponding generators belong to H or to G/H. We can then
write

ft“(pz,Z) = Ft(p%2), ff(pz,Z) = F~(»*,2), (3:3)

fla(p Z) = F+(0’Z)a fla(p ’Z) = F_(O,Z),

where F() is the solution with Neumann (Dirichlet) IR boundary conditions. The ex-
plicit form of F7(=) in the cases of flat and AdSs space are reported in appendix C.
It is straightforward to substitute the solutions back into the quadratic bulk action,

one gets
1

4 TA (T7A A TA

S, = o dz AP + TP AL (3.4)
A

where Hfl (p?) = 0. ftAl (p?, zyv) and P, are the transverse and longitudinal projectors. The

holographic fields B, and X only enter the above equation through A. Remember that

o~ 271 .
A, =B ) =5t (B, +id,)z, (3.5)
where the only components of B’ are those associated to the UV group H'. A particular
but interesting case is when, as it happens for orbifold compactifications, a matrix P exists
which commutes with all generators of H and anticommutes with the others. In this case
eq. (B4) can be rewritten as

1 ] , .
Sh = ~552 d'e T [B) (R + Ry B
+PB'y ) (MR + TR PBITT (3.6)

where H?’l(pz) = 0, F(p%, 2uv) £ 0,F~ (p?, zuv) and Hlo’l = H?’l(O).

Let us now add massive bulk fermions W/ in some representation of the group G, their
bulk action is in eq. ([C.14). The holographic procedure for the fermions has been discussed
in [[Lg], we will briefly remind the subtleties which arise in this case. First of all, due to the
fact that the bulk EOM’s are of first order, the left- and right-handed components can not
be simultaneously used as effective degrees of freedom. Instead, for each component ¥/
one must choose either \Tli or \Tlé as the holographic field. It is simpler to take the same
chirality for all the components, we will use the left-handed part and then the G multiplet
XL = T, will be our holographic degree of freedom. Moreover, one must add to the action
a localized mass-term, whose sign depends on the chirality of the holographic field. In our

case we always have the same sign

1

22 Juy

'y (62@{% v h.c.> : (3.7)
I

50f course, the EOM for the longitudinal part is easily integrated.

,10,



and the boundary term is G invariant. To recover the original UV boundary conditions,
as usual, the Dirichlet sources must be put to zero while the Neumann ones must be made
dynamical. It is correct to proceed in this way, the only problem is that the holographic
theory would not contain any dynamical field associated to the components U of the
multiplet whose left-handed component is Dirichlet at the UV. The right-handed part of
such fields might give rise to zero-modes whose dynamics could not be described in the
holographic theory. As discussed in [[§], the solution consists in keeping \T/ZL/ dynamical
and introduce right-handed Lagrange multipliers )\3}12 to dynamically impose the D boundary

condition. One adds to the action the term
1 g
Spm. = —— /d4xz <YL)\% + h.c.) ) (3.8)
g5 i

The Lagrange multipliers )\% will describe the massless or light states associated to \I/%.
Notice that, if the action contains extra operators localized at the UV, the inclusion of the
Lagrange multipliers is necessary. Such terms are considered in appendix [B, we will show
how the holographic procedure allows to treat them in a simple and straightforward way.

Having chosen the same chirality for all the sources, the full Lagrangian for ¥ (including
the boundary term (B.7)) is gauge invariant and the manipulations of section 2 can easily
be repeated. The fermion contribution to the gauge-fixed partition function (2.20)) can be
schematically written as

Zjl'f' (XL, 2] = expiSh [x1, 2] = /D\I’(x,z)@L:Efle exp [iSf [V;A4,,A, =0]], (3.9)

where X represents the Goldston boson matrix in the appropriate GG representation and
St is the full fermionic action which includes bulk and boundary terms ([C.14), (B.7) and
possibly (B.§). As before, we concentrate on the quadratic part of the holographic action.
The solutions of the EOM’s (eq. ([C.17)) can be parametrized as

V) =W, hpe) = ’g@i(p)fé(p, 2, (3.10)

with fj{(p, zyv) = 1 and suitable boundary conditions on the IR boundary. As for the
gauge field, the f{ p(p, z) functions have only two forms f{ ,(p,z) = ffR(p, z) depending
on whether \Ili satisfies N or D conditions at the IR boundary.” Substituting into the

action we find

1 . !
S, = ?/d‘lm Z(YLEf)I 4 (-0%) i <E}XL> + SL.m. (3.11)
5 I

where Hff (P?) = f {;,(p, zuy)/p- As for the gauge part, if the IR boundary conditions are de-
termined by the projection matrix Py (i.e. ¥r r(zr) = £Pr¥r r(2r)), the above equation
can be written in the simpler form

1 .
Sp = 27 d'z X 2y (H(}(—(??) + H}c(—a2)73f) id (E}XL) + St (3.12)
5

where H?Jl(pQ) = (f];(n zov) £ fr (P, ZUV)) /p.

"The explicit form of such functions for the AdSs and flat space cases can be found in appendix C.
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3.1 The one-loop Higgs effective potential

The general formalism presented in the previous sections could be applied to several models
of New Physics. For example, in the Higgsless models of ElectroWeak Symmetry Breaking
(EWSB) [B, ] one would consider a SM bulk gauge group G = SU(2) x U(1)y broken
to U(1)em at the IR and completely unbroken at the UV. In the holographic effective
theory one would find the SM gauge bosons and the Goldstones which arise from the IR
breaking. The latter are eaten by the gauge fields becoming massive and the EWSB is
obtained without introducing any physical scalar in the spectrum. The models of Gauge-
Higgs Unification (or of Composite Higgs) [[|—[l0] are more interesting for us, since they
lead to physical 4D scalars whose dynamics can be studied with our formalism. In this
case one has an “extended” EW bulk gauge group (G = SU(3) in [, fil, G = SO(5)
in [§-[0)) broken at the IR in such a way that a complex Higgs doublet of scalars arises
(respectively, H = SU(2) x U(1) and H = SO(4)) as a Goldstone boson. The surviving
UV gauge group H' is the SM SU(2) x U(1)y and the EWSB comes from the Higgs taking
a VEV. Since the UV boundary conditions break part of the bulk group, the Higgs is
really a pseudo-Goldstone boson and these models are similar to the old Composite-Higgs
scenario [[L]].

The EWSB occurs radiatively in this scenario and it is then important to compute
the one-loop Higgs potential. This is quite a difficult task with the standard KK approach
(see for instance [P4]) and the holographic procedure, as we will show below, is much
simpler. Notice that the idea of computing the Higgs potential from the holographic action
has already been used in [§]. What we add is a precise recipe to derive the holographic
Goldstone bosons action, which was obtained in [§ by matching the 4D theory with the
5D results. In this section we will mostly keep the discussion general but we will later
specify to a toy SU(2) — U(1) example in order to show how our final formulas can be
applied to a concrete model.

At one loop, the effective potential is just the vacuum energy in the presence of a
constant background (which we denote by ) for the Goldstone fields. In principle, we
should integrate at one-loop level the bulk degrees of freedom in egs. (R.20), (B.9), and
later integrate the holographic fields. The Goldstones, however, only appear in the UV
boundary conditions so that integrating out the bulk will not give any contributions to the
potential. The potential will only come from integrating over the holographic fields, and
at one-loop level the only part of their action which we need is the quadratic tree-level one
we already computed in the previous section.

As shown in section 2, the holographic effective action is gauge invariant. Once the
non-dynamical sources are put to zero, the H’ invariance still survives and then a gauge-
fixing is needed in order to compute the gauge field contribution to the effective potential.
The Landau gauge 9, B"" = 0 is a particularly useful choice since no quadratic mixing can
appear between the scalar fluctuations and B’,,. The quadratic action for B’ with a VEV
for ¥ is (see eq. (B.4))

Sp = —2—12 d'ey [ETB'ﬂE]A A pr [ETB’VE]A , (3.13)
95 P
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it can schematically be rewritten as

1 e e
Sp = — = d*z PN B 1YY (02, 3) B, (3.14)
5 a’ b

where ¢’ and o run over the generators of H'. Remembering that the ghosts do not
contribute in the Landau gauge and that a transverse vector in 4D has 3 real components,
the gauge contribution to the Higgs potential reads

4
A B / é:)E log [Det (Ty(—p%, 5))] (3.15)
where we rotated the momenta to the Euclidean. It is easy to check that the Goldstone
bosons fluctuations do not contribute to the potential, eq. (B.15) then contains the full
5D gauge contribution. Notice that the integrals involved in the effective potential are
divergent, but they can always be made finite by subtracting the vacuum energy, i.e. the
potential at ¥ = 0. This is because the two solutions to the quadratic equations (F + in
the case of the gauge field) become the same in the large Euclidean momentum limit. The
inverse propagators II# then become all equal so that the dependence on 3 drops from
eq. (B.13). The divergent part of the potential is therefore always independent of 3.

To compute the contribution of the fermions it is useful, as a first step, to integrate
out the Lagrange multipliers in the holographic action, i.e. to put to zero the sources
associated to Dirichlet fields.® In this way one obtains the quadratic action in y7 from

eq. (B.11):
Sh /d x Z i (3.16)

where 7' and j’ run over the left-handed fermion components with Neumann boundary
conditions at the UV. The effective potential follows trivially:

4
Vi(3) = —Q/éTp;ilog [Det (T1;(5))] - (3.17)

3.1.1 The SU(2) — U(1) case

The above formulas permit to derive the effective potential for a generic gauge group G
broken to arbitrary subgroups at the UV and I R boundaries. Applying them to a concrete
model is extremely simple once the group-theoretical aspects have been worked out. To
show this let us discuss explicitly the simple case of an SU(2) bulk gauge theory broken to
U(1) (the same U(1) subgroup) at both branes. This leads to a residual U(1) invariance and
to a charged physical Higgs scalar. We choose ¢3/2 to be the unbroken SU(2) generator,
where ¢! are Pauli matrices. This pattern of symmetry breaking can be obtained by the
projection matrix P = o2. The Goldstone boson matrix is
1 o2

Y = exp [1310 —{—2527} = cos( ) 1 —|—z— sin <;> o', (3.18)

8 The same result would be obtained if including all the left-handed fermions and the Lagrange multipliers.
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where s;(z) (i = 1,2) are the Goldstone boson fields and s = /s? + s3. Using the unbroken
U(1) we align the Goldstone boson VEV along the o2 direction, thus we get

—sins —cos s

N oo
At the UV, the only unbroken generator is o3 so that B’ = B'3¢3 /2. From eq. (B.6),
1
Sy, = i dx P B'i (TI9 + cos 2s T1}) B (3.20)

and the gauge contribution to the effective potential can be easily found to be

Vy(s) = 3 / d'pp log [Hg + cos 2s HH . (3.21)
g 2/ (2m)*

Let us now take a bulk fermion ¥ in the fundamental representation of SU(2), with
boundary conditions generated by the projection matrix Py = P, i.e. ¥y p = £PV i at
both boundaries. Once we integrate out the Lagrange multiplier, the holographic action
at the quadratic level becomes (see eq. (B.19))

1

Sy, = @ d*z YlL(H(} + COSSH})Z’@)&, (3.22)

and the fermion contribution to the effective potential is

4
Vi(s) = — / éf;i log [Hg)c + cos s HH . (3.23)
The explicit expressions for Hg’sl’ 5 are reported in appendix |[(J for the AdS and flat space
cases, the result matches those obtained by KK computation in [f, P4].

Notice that the results obtained for the gauge group SU(2) can be used to derive the
effective potential in more interesting and complex models. When a single Higgs doublet
is present, its VEV can be aligned along one of the broken generators and the system
can be split in many SU(2)-like subsystems each with a different charge ¢ with respect
to the Higgs VEV. In this case the effective potential can be computed summing the
corresponding SU(2) contributions with s replaced by ¢s. Consider for instance SU(3)
broken to SU(2) x U(1) at both boundaries. In this case an SU(2) doublet of Goldstone
bosons arises. The gauge fields in the unbroken subgroup can be split into four SU(2)-like
subsets with charges ¢1 = 1, g2 = ¢3 = 1/2 and ¢4 = 0. The gauge contribution to the
effective potential is

VIV (s) = Vy(s) + 2V(s/2). (3.24)

Analogously we can treat fermion fields. For a bulk fermion in the fundamental represen-
tation of SU(3) we find a field with charge ¢ = 1/2 which gives a contribution

S
VP pan(s) = Vi(s/2), (3.25)
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while a bulk fermion in the symmetric representation gives a field with charge ¢ = 1 and a
field with charge ¢ = 1/2 and in this case
VEUG) () = Vi (s) + Vi(s/2). (3.26)

f78ym

These expressions for the effective potential coincide in the flat space case with the ones
found in [f.

4. Holographic QCD

Holographic QCD is a phenomenological attempt, inspired by AdS/CFT, of describing
low energy (large N.) strongly coupled QCD by means of a 5D weakly coupled model
on the warped interval. One considers [[3, [] an SU(3); x SU(3)r bulk gauge group
which accounts for the global chiral symmetry of QCD and breaks it to its vector subgroup
through the background profile of a bulk scalar field. An interesting limit is when the
profile is exactly localized at the IR, in which case the breaking is equivalent to the one
obtained by boundary conditions. Taking the limit does not significatively affect the degree
of accordance of the model with real-world QCD, a detailed analysis of this case has been
performed in [20]. In this section we discuss this simplified limit of AdS/QCD and then
consider a 5D theory with chiral gauge group G = I'f, x I'g, with ' any compact Lie
group. More explicitly, each element g of G is the direct product of two elements (gz and
gr) of T', i.e. g = g X gg. For applications to QCD one takes I' = SU(2) or SU(3) and
interprets the holographic partition function in eq. (R.11]) as the QCD partition function
in the presence of sources for the chiral group currents. The IR boundary conditions are
chosen to break G to its vector subgroup 'y ~ I whose elements are couples g = gy X gy
of equal elements gy € I' acting on the two chiral subspaces. The results of section 2 could
be directly applied to this case, but this would lead us to a non-standard parametrization
of the Goldstone degrees of freedom. It is easier to restart from the beginning and adapt
the discussion of section 2 to the case of a chiral gauge group.

We have two 5D gauge fields Ay and Apg, the first transforming under g;, and the
second under gr. The IR boundary conditions are

AL,,u = AR#, FL,,uz = _FR,,uz- (4.1)

By looking at eq. (2.9) we see that eq. ({.1) ensures the cancellation of the boundary
variations of the gauge action. Moreover, eq. ([L1) is covariant under the vector subgroup
only, so that it restricts the allowed 5D local transformations to those which are vector-like
at the IR. As in section fl, we want to enlarge the 5D group and allow any transformation
at the IR. This is easily done by defining, as customary in QCD, a matrix

U(z) = expliog(z)t?] €T, (4.2)
which transforms under G as:

U—>U(9):gRoUoggl. (4.3)
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The new boundary conditions
U U
(4) = Apu,  (F) = ~Frp, (4.4)
Iz pz

are now covariant under the full chiral group. Note that U plays exactly the same role as
3 in section [}, using one or the other is just a reparametrization of the Goldstone degrees
of freedom.

One can now go through the same manipulations of section J and get
299 (1, 1] = / DU (x) exp (St s 7 U] (4.5)
= / DU (x) DAL, . (x, Z)ZL,,FlLU) DAR ,u(x, Z)A\R,;L:T,u exp[iS[A,, A, =0]],

where the IR conditions are simply given by eq. ({.1]). One can easily check that eq. ([.6)
is gauge invariant under the full chiral group. The holographic action Sypt [l,, 7y, U]
depends on the Goldstone matrix U and on the chiral sources I, 7,. In AdS/QCD this is
interpreted as the action of chiral perturbation theory.

4.1 The xPT lagrangian at O(p*) from holographic QCD

At tree-level, the xYPT effective action is
ZIR 1
S\pT = / d*r / dza(z Tr[ SFrwFL” = S Fruw PR
+0.Ar 0. A + 0. AR 0. A |, (4.6)

where Ay, g satisfy the bulk EOM’s with the I R boundary conditions given in eq. (E1) and
UV boundary conditions

{ A:Lw =U (I +1i0y) o (4.7)

ARy ="1u-

It is useful to define the vector and axial combinations of the gauge fields

VM = (AL,M + AR,;A) ) Au = (AL,M - AR,M) ) (4'8)

DN | —
N | —

which satisfy simple boundary conditions at the IR

0 Vu(x,2ir) =0,
4.
{Aﬂ(az, zir) =0. (4.9)

Of course, computing Sypr from eq. (fL.§) would require to solve the full bulk EOM’s
which include all the interactions, and this can only be done order by order in a given
perturbative expansion. As customary in YPT, we expand in powers of the momentum
and treat the external sources [, and r, as terms of O(p). Given that U is of O(p°),
eq. (1) implies that the boundary value of the fields (A\L, r, V and A) are also of O(p).

Our present goal is to determine the holographic effective action up to O(p*), which was
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first obtained in [I3] (for the simplified model we are considering see [B(]) after a long KK
calculation. In the mixed momentum-space representation we can expand the solutions of

the full EOM’s as

{ Vulp2) = fy ) Aﬁ(p) V2, WA (4.10)
Au(p,2) = [3(2) Au(p) + AL (p, 2.V, A) ,

where V,([g’) and .A;(f’), whose explicit form we will not need, represent O(p?) contributions
to the solutions. The latter terms are trilinear combinations of the momentum p, and
of the boundary fields ]7ﬂ(p) and le\“(p). It is important to remark that the tensorial
structure of the solutions implies that no O(p?) terms appear in eq. ([E10) and that the
next correction will be of O(p®). The first term of each expansion is a solution of the
linearized bulk EOM’s (eq. (B.9)) at zero momentum. At the UV, f& A(zuv) = 1 and they
are, respectively, Neumann or Dirichlet at the IR boundary. The higher order terms, on
the contrary, vanish at the UV while their IR boundary conditions are the same as the
corresponding zero-order terms.

Substituting the solutions of the EOM’s into the effective action, we see that the terms
in the first line of eq. ([.6)) only contribute to the O(p*), and just the leading order of the
series in eq. (f.10) needs to be plugged in. On the other hand, the terms in the second
row of eq. (f.4) will give a O(p?) term when substituting the leading (O(p)) terms of
eq. ({E10) while an O(p*) term could arise when taking one O(p) and one O(p3) term. The
latter contribution, however, vanishes. This is easily verified by integrating by parts 0,
and remembering that the O(p3) terms vanish at the UV boundary while the ones of O(p)

verify the linearized EOM’s at zero momentum. Thus, the effective action at O(p*) can be

written as
2 4
Sp = ——5 d*xz Tr [V,0. V" + A,0. A"
95 Juv
1 ZIR N .
_2—g§ d4:c/ dz a(z)Tr [FruwFY + FruFR| (4.11)
Zuv

where the fields are now simply the solutions of the linearized bulk EOM’s at zero momen-
tum. Notice that in this expression the first line gives O(p?) terms, while O(p*) operators
come from the second one.

The linearized bulk EOM’s (B.9) at zero momentum can be analytically solved

) =1, o N (4.12)
faz) = (/ a(z’)) (/ a(z’)) ’

and it follows from eq. ({.7) that

A, = %U(DMU)T = —2(DU)Ut =, (4.13)

1
2
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where we defined D, U = 0,U +iUl,, — ir,U. The kinetic term for the Goldstone bosons,
i.e. the O(p?) action, is immediately obtained from the first line of eq. ([L11]).7 It is

@  f?
§P =4 / d'z Tr [(DHU)(D“U)T] , (4.14)
where the Goldstone boson decay constant f, is given by

a ()

Using the boundary conditions in eq. (.7), the definitions of V and A in eq. ([.§) and
the solutions of the bulk EOM’s in eq. ([.13), one gets

11— 1%z 2
FL“U,I/ + FR,,ul/ = f+,uz/ + foA()[uua ul/] ) (416)
FL,MV - FR,,uu = fg(z) ff;w > (4.17)
where we defined
fi;w =U l;w UT + Tuv (4.18)

with [, and r,,, the field strengths obtained from [, and r,. Substituting these expressions
in the second line of eq. (f.11]), we find the O(p*) terms of the effective action

1—
S]S) - 495 d4 /ZU\ dz a { ( fg( ) ) uﬂuy [Uﬂ’uy]

121 = LU gt + F ™+ fS(Z)Qf—Wf‘_‘”} C(419)

In the I' = SU(3) case it is trivial to express the above action in the standard form of
chiral perturbation theory [RJ]. From eq. (.19) we find the values of the coefficients

1 ZIR 02
Ly =— dz a(z)(1 - f1°)?
1695 Zuv LQ = 2L1
1 ZIR 2
Lio=—-7 dz a(z)(1 - £37) , Ly =—6L; , (4.20)
295 Zuv
1 ZIR 02 L9 = —L10
Hy = 12 dz a(z)(1 + fa°)
95 Zuv

which are in agreement with those derived in [(].1°

5. Holographic anomaly

It is interesting to study, using the holographic perspective which we adopted in this paper,
the consequences of adding a CS term to the 5D gauge action. In this section we will work

9Notice that 9, f{(zr) = 0, and thus the term containing V,, in the first line of eq. () vanishes.
10The factor of 2 difference with the result of [@] is due to the normalization of the SU(3) generators.
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out the holographic Goldstone bosons Lagrangian and find that, as expected [RI]], the
CS makes a gauged Wess-Zumino-Witten (WZW) term [q-Rg] appear. We will initially
consider a quite general case, but we will later specify to AdS/QCD, where a CS term is
needed in order to mimic the Adler-Bardeen chiral anomaly. Notice that, from a purely
5D point of view, the CS is usually introduced [RJ] in order to cancel localized gauge
anomalies [B(]. Our approach, however, is different. We will simply add the CS to the
action and study its consequences on the holographic theory. For simplicity, we will not
consider bulk fermions at all, so that there is clearly no localized anomaly to be cancelled.
In the presence of a bulk fermion content which gives rise to localized anomalies the analysis
of this section should be generalized taking also into account the anomalous variation of
the fermionic measure, and not only the one of the CS term as we will do here.

Let us consider, as in section 2, a pure gauge theory with bulk group G broken to H
at the IR and add to the gauge action the term

Scs = —ic/%(A) = —ic/Tr [A(dA)2 + ;A3(dA) + %Aﬂ , (5.1)

where ¢ is a real coefficient and we introduced a matrix form notation defining A =
—iAﬁTA deM 11 We want to explore the consequences of including Scg in the defini-
tion (R.I1) of the holographic partition function. First of all we observe that, under a

generic infinitesimal gauge transformation

0aScs = —ic/dwi(a,A) = ic/wi(a(zUv),A(zUv)) - ic/wi(a(zIR),A(zm)), (5.2)

so that the gauge-invariance of the action has been spoiled. In eq. (R.11)), however, the
bulk gauge group Gp is gauged, meaning that it is used to remove unphysical degrees of
freedom and make the theory consistent. For this reason, no anomalous variations of the
action under Gg can be allowed. Remembering that Gp elements reduce to the identity at
the UV and to the H subgroup at the IR, and using the IR boundary conditions (R.10)
for the gauge fields, this translates into the condition

Te(T*{T°,T¢}) = 0, (5.3)

on the H generators which define the CS. The T'%’s, therefore, must provide an anomaly-
free representation (whose existence we are going to assume in the following) of the H
subgroup. Eq. (p.3) ensures the Gp invariance of the action as it makes the IR term in
eq. (b-2) vanish. The UV term in the variation (f.9) is, on the contrary, perfectly allowed
for what concerns the definition of the holographic partition function. It simply changes

eq. (B-13) into
Z [Bf?)] — exp [—c / wi(a,B)] Z[B,], (5.4)

where g = exp[i@] is an infinitesimal gauge transformation. If some of the sources have
to be made dynamical, of course, one should also worry about the cancellation of the UV

11n this section we use many definitions and results of [@]
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anomaly in eq. (f.4). This could be done, for instance, by adding localized fermions in a
suitable representation.

When an AdS/CFT interpretation is possible, Z[B] is the partition function of a G-
invariant 4D theory in the presence of sources for the currents and eq. (§.4) corresponds to a
4D anomaly. The global group G is spontaneously broken to H and eq. (p.3) states that the
unbroken group is anomaly free. This is very much the same as in QCD, where the global
symmetry SU(3), x SU(3)g is spoiled by the chiral anomaly while the unbroken vector
subgroup is anomaly free. Eq. (@), however, is not yet enough to mimic the standard QCD
Adler-Bardeen anomaly, since the latter preserves the vector invariance. More generally,
in a 4D theory with anomalous global symmetry group G which is spontaneously broken
to an anomaly free H, one adopts a regulator in which the H invariance is preserved in
all correlators so that the anomaly Gg(B) vanishes, for a generic gauge field configuration,
whenever & € Lie(H). The anomaly [ w}(@, B) which appears in eq. (£.4), on the contrary,
only vanishes (due to eq. (5.J)) when the sources also are restricted to H, i.e. when
B, @ € Lie(H). In the language of ref. ], eq. (5.4) is the “canonical” anomaly while
what would be needed is the “shifted” anomaly. The two forms of the anomaly correspond
to different choices of the regulator and one can convert one into the other by adding
suitable local counterterms to the action. Following [Rg], we consider a “shifted” CS term

Scs = —i0/0~05(z4h,14) = —ic/[w5(z4) + dBy(Ap, A)) = Scs + ic By(Bp, B),

uv
(5.5)
where Ay, By, are the restrictions of A, B to Lie(H) and By is defined by [R§]
By(Ap, A) = %Tr [(AhA — AA(F + F)) + AA — A, A3 + %AhAAhA} , (5.6)

with F} = dA, + A7 and F = dA+ A% In eq. (5.§) we used the fact that, due to the
boundary conditions, A(zir) = A(zr)n and B4(Ap, Ap) = 0. If Scg, and not Scg, is added
to the gauge action, the anomalous variation of the holographic partition function becomes

Z|BP| = exp[-cGa(B)] Z[B,] , (5.7)
where Gz = — [d5ws is the shifted anomaly as defined in [2§]. It vanishes, for any

B € Lie(G), when a € Lie(H).

Having identified the correct term to be added to the 5D action, let us now see how it
affects the holographic effective action. It is well known that the anomalous variation (f.7)
of the partition function requires the presence of the gauged WZW term in the effective
action of the Goldstone bosons. The latter term, indeed, is not gauge-invariant and it is
precisely designed to reproduce the anomaly (f.7). Showing that it arises, as we will do in
the following, is then just a check of internal consistency. It is worth remarking that, from
the purely 5D point of view, one could also use the canonical CS (.9), the manipulations
which follow would not change significantly. Of course, having failed to reproduce the
anomaly (f.7), one would not obtain the correct gauged WZW. From the point of view of
holographic QCD, on the contrary, the shifted CS is the only correct choice.
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In order to fix the Gp gauge invariance of the holographic partition function we cannot
simply follow section 2. The CS, indeed, spoils the invariance of the gauge action under
generic G transformations, so that G is broken to H not only by the IR boundary condi-
tions (R.10). The trick which we used in eq. (R.16) to restore the full bulk G invariance,
therefore, is not useful in the present case. We will need a more formal, but completely
equivalent, gauge-fixing procedure, which is discussed in appendix A. The final result is

794 (B, = / DY / DA, 2); s oxp [z’S [A(A)H, (5.8)

where Ay = {A4,,0} and A is any 5D transformation which interpolates from ¥ at the
UV, A(zyy) = X, to the identity at the IR, A(zg) = 1. When rotated to the Euclidean, A
is an extension of ¥ from the 4-sphere S* of space-time to a 5D disk D5, with boundary
5%, obtained by shrinking the IR brane to a point.

The CS term Scg gives the only non-trivial contribution to S [A(A)]. When the latter
is absent the action is invariant and eq. (f.§) reduces to eq. (£.20). We define

Suww = ic [ [B5(4n, 4) = B((AD), A0)] (59)

and rewrite

S [AW] = Sprw — ic / Ts(An, A) + S, [A4] (5.10)

where S, is the standard gauge action. We added the term 5(;3 =ic f w5 (Ap, A) to the
definition of Sy, in order to make it vanish when ¥ = 1. It should be noted that, thanks to
eq. (R:21)), Scs does not contribute to the anomalous variation of the gauge-fixed partition
function (B.§) since W5(Ap, A) is H invariant. One could check that, on the contrary, Sy ..,
varies and that its variation reproduces the anomaly in eq. (5.7).

It is convenient to rewrite Sy, in a more explicit form, this will also allow us to
check that it coincides with the result of [B§. Using manipulations which are similar to
those explained before to eq. (116) of [2§], and noticing that A9 as defined in that paper
(eq. 109) corresponds to AW in our conventions, we get

Ps(Ap, A) — Ts((AN), AN = ws(A7TdA) — dBy((AW),,, AW)
+dBy((A), A) + dBy(—dAAT, AN) - (5.11)

To obtain the WZW action of eq. (b.9) we must integrate eq. (p.11]) over the 5D space.
Since A(x,zr) € Lie(H) and A(zy) = 1, no IR contribution comes from integrating the
exact forms in the r.h.s. of eq. () Using the UV holographic condition A= BE™
and remembering that A(zyy) = X, we get

Swzw = z’c/Swg,(A_ldA) + z'c/B4((B)h,B)
—z’c/ [34 ((Bﬁ‘l)h,BE‘l> + By(—dxx !, B)| | (5.12)

where f5 represents the 5D space-time integral. The above formula coincides with the
result of [R§] (eqs. (115, 116)), given that A(z) is an extension of the Goldstone boson
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matrix 3 to the disk D5 obtained by shrinking the I R boundary to a point. This disk has
however the opposite orientation than the one considered in [B§], this explains the seeming
sign difference.

Notice that ws(A~1dA) is proportional to the Maurer-Cartan 5-form (see eq. (B.1))
so that its integral only depends on the boundary value of A, i.e. on the holographic field
¥.12 We can then rewrite the gauge-fixed holographic action as

e rBul — oxp [0 [Bu, %] (5.13)
/DA 2.2) 5 g P i [Au, Az = 0 —iScslA,, A, = o]] ,

where we used the fact that the WZW term depends only on the holographic fields and
factorized it out of the functional integral. As discussed above, the Scg [A] term is invariant
under H transformations, so that the functional integral term of eq. (5.14) is perfectly G-
invariant. The above equation shows that, in the presence of the CS term, the holographic
action splits in two parts. The first is simply Sy, and its gauge variation reproduces the
anomaly in eq. (f.7), while the second one is gauge-invariant.

In the above discussion we assumed (see Footnote 12) that, if m5(G) is non trivial,
the coefficient ¢ of the CS term is quantized. We will now prove that this assumption is
necessary to ensure the consistency of our 5D model. As we already discussed, the bulk
local Gp invariance of the 5D action is gauged. Therefore, as we already did to derive
eq. (p-3), we must require exp[igcg] to be invariant under any Gp transformation. In
particular, let us consider a generic Gg element g which reduces to the identity at the
IR brane also. After rotating to the Euclidean, such transformations are maps from S°
(obtained by shrinking both boundaries to a point) to the group G. Let us now start from
the trivial 5D field configuration A = 0 and vary the CS term in eq. (5.§) with g, the
variation is just the integral of the CS form ws on the pure gauge configuration A = 0(9).
As we already mentioned, ws(gdg™!) = —ws(g~1dg) is proportional to the Maurer-Cartan
5-form and thus its integral on S° is quantized and depends on the 75(G) homotopy class
to which the map g belongs. Summarizing, Gp invariance requires, for any g € G

| ws(g7ldg) € Z. (5.14)
27
If m5(G) = 0, the above equation gives no restriction on ¢ since sz ws(g~tdg) = 0. If,
on the contrary, 7w5(G) is non-trivial, fS5 ws(9~tdg) = iyn with n integer and eq. (f.14)

imposes ¢ to be quantized:

2
c="" (5.15)
v

where m is an integer.

In the framework of 4D effective action, the quantization condition of the WZW
term [R7, BI] seems weaker than what we find here. It depends indeed on the homo-
topy of G/H, and not of G. It might occur, a priori, that a non-trivial map g € G (for

121f 75(@) is non-trivial, the integral can also depend on the topology of A, in the sense that two
topologically inequivalent extensions of ¥ give different results. The difference is however quantized, so
that it does not affect the path-integral if ¢, as we will show below, is also quantized.
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which [ws # 0) becomes homotopically trivial if it seen as an element of G/H. Due to
eq. (p.14)), the existence of the map g would imply quantization from the 5D point of view,
while no restriction would appear in the standard 4D framework. As discussed in [BI],
however, this can not happen if, as in our case (f.3), the generators which define the CS
form provide an anomaly-free embedding of H. In this case, G maps for which [ws # 0
are topologically non-trivial in G/H also and then the 5D quantization condition coincides
with the standard 4D one. In the next section we will provide an explicit example of this
fact, we will apply the 5D condition () to the case of QCD and show that the result
coincides with the well-known 4D one.

5.1 Anomaly in AdS/QCD

It is useful to apply the results of the previous section to the concrete case of AdS/QCD.
We consider, as in section 4, a gauge group G = I';, x I'g broken to its diagonal subgroup
H =T'y. To apply the formalism previously outlined, we must choose a representation of
G such that the H embedding is anomaly-free (5.9). The generators are

sz(%ﬁ) , Tf:(ﬁ_(fa)T> , (5.16)

where t, denote the generators of I normalized to 2Tr[t,, t5] = dap. The vector combinations

te O
w5 00). -

are the generators of the unbroken subgroup I'y. The gauge field is A = A4TF + A4TE
and to rewrite our results with the common notation we also define Ar, r = A‘L Rrte.
The CS form is
W5(A) = W5(AL) — W5(AR) s (5.18)

where ws is given in eq. (B.])), it is manifest that ws(A) vanishes for A € Lie(T'y), hence
I'y is anomaly free. The 4-form By (eq. (5.6)) which enters in the definition of the shifted

CS (eq. (F.9)) is now
1 1
B, = §Tr [(VA — AV)(F + Fy) + AV -V A® + §VAVA] , (5.19)
where V = 1/2(A9 + A%)T* denotes the vectorial part of the gauge field, F' = dA + A?

is the field strength of the gauge field and Fy, = dV + V2. The above equation can be
rewritten as

1 1
By = §Tr |:(FRAR + ARFR)AL + ALA% + Z(ARAL)2 — (L« R)] ) (5.20)
and coincides with the Adler-Bardeen counterterm [B2].

The general gauge-fixing procedure of the previous section could be directly applied
to the present case. This would lead, however, to a non-standard parametrization of the
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Goldstone degrees of freedom. Analogously to what we did in section 4, we need to adapt
the previous discussion to the case of AdS/QCD. As discussed in appendix A, the final
result is the same as eq. (f.§) in which A is now given by

~_1
A, 2) = (UO g) , (5.21)

where U is an extension on the disk of the Goldstone boson matrix U(z), i.e. U(z, zgy) =
U(m), U(:L‘,ZIR) == ]]..
With A given in eq. (p.21)), all the other formulas of the previous section can be directly

applied. The yPT action (compare with eq. ([.6])) is
exp ig’XPT[Zﬂ,rﬂ,U]] = exp|iSwzw(ly, 7w, U] (5.22)

X /DAL,M(CC, Z)KL #:lLU)DARvﬂ(x’ Z)KR,;L:TH exp[ig[Aﬂ, A, =0],

where S = Sy + Scs. The explicit form of the WZW term can be read from eq. (£.19), it
can be checked that it coincides with the 4D result reported in [Rd, BJ]. When the sources
are set to zero, eq. (p.12) simplifies and we are left with the usual ungauged WZW term
Swswl0,0,U] = ic / ws[(TdU )] = % / Tr [(ﬁdﬁ_1)5] . (5.23)
5 5
As discussed before, when 75(G) is non-trivial the coefficient of the Chern-Simons term
is quantized. In particular, in the G = SU(N)y x SU(N)g case with N > 3, 75(G) = Z2.
The quantization condition can be easily obtained from eq. (5.14), g represents in this case
the more general map from S° to SU(N) x SU(N)g and ws is given by eq. (F.1§), notice
that its “L — R” form is due to the requirement of having an anomaly-free SU(N)y . It is
well known that, for a generic SU(IV) element such as g7, or gr, one has

-1 . i -1 5 . 3 .
/55 ws(g "dg) = /55 10Tr {(g dg) ] =487°n1, (5.24)

with n integer. The quantization condition then becomes ¢ = m/(2472) and substituting

in eq. (5.23) one obtain the usual quantized form of the WZW term

Tm ~ o~
Swzwl0,0,U] = 240—#/5% [(UdU 1)5} . (5.25)

Notice that we obtained the standard quantization condition from purely 5D consistency
requirements.

6. Conclusions

The holographic technique provides a useful tool to deal with 5D theories on the interval.
In this paper we have worked out a precise recipe to implement the holographic procedure
for a gauge theory. In particular, we have shown how to include into the holographic
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action the degrees of freedom which arise from the 4D-scalar component of the 5D fields.
Our main result is summarized by eq. (R.20), the scalars are described by a 4D Goldstone
boson matrix 3 and the holographic action is obtained by integrating the 5D bulk gauge
fields with UV boundary condition A = BE™). We are in the axial gauge A, = 0, so
that the 5D action has a simplified form and the IR boundary conditions for A,(z, z) are
simply Neumann or Dirichlet for, respectively, the unbroken and broken generators of the
gauge group. It is important to remark that the G invariance of the holographic action is
explicit in the present formalism. The bulk functional integral is indeed H invariant and
the boundary value A only transforms with H under generic G transformations. In sections
3 and 4 we have considered applications of the holographic method to the Composite-Higgs
scenario, showing how to compute the one-loop Higgs potential, and to AdS/QCD. We
believe we have shown that, in certain cases, the holographic calculation is much more
simple than the standard KK one.

At a more theoretical level, we have discussed in section 5 the effect of including a
Chern-Simons term in the 5D gauge action. We have explicitly shown that it makes an
anomaly arise in the 4D effective theory and that, as a direct consequence of this fact, a
gauged WZW term appears in the holographic Goldstone bosons action. We also pointed
out that the “naive” CS is not enough to reproduce the anomaly in its standard (shifted,
in the language of [R§]) form, one has to add a suitable localized operator and construct
a shifted CS term. In AdS/QCD, the shifted CS is the only correct choice if one wants
to reproduce the Adler-Bardeen chiral anomaly.'® In the framework of 4D effective field
theories, the WZW term has a quantized coefficient if 75(G/H) is non-trivial, it is worth
asking whether the coefficient of the CS term is also quantized for an independent five-
dimensional reason. We find that this is indeed the case, even though the 5D quantization
condition seems stronger than the 4D one as it depends on 75(G) and not on 75(G/H).
In 5D, however, the H embedding in GG needs to be anomaly free and this makes the two
quantization conditions coincide, as we explicitly saw to happen in the notable case of

QCD.
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A. The holographic gauge-fixing

Let us start from the holographic partition function (.11]), we want to gauge-fix its local

Gp invariance. Looking at eq. (B.1§) we see that it can not be used to fix the gauge as

13The problem of including anomalies in 5D models of QCD has already been discussed in [@] (see
also @]) The set-up considered in those papers, however, is quite different from ours. It consists in a
non-chiral I' = SU(3) bulk gauge group and two holographic boundaries at which the left- and right-handed
sources are located.
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the g elements one integrates over do not reduce to H at the I R. It is then convenient to
rewrite the integral on the group isolating the integral on the I R variables, and again split
the latter in integrals over H and G/H.'* Be F any functional on the local group, we have

[ Pote.2)51Flg) = [ D3ta) [ Dyt 2t gin-aFlo

= Jon DA(z) /H Dh(z) / Dy(w,2)5_q 4, i Flol, (A1)

where 7 is an element the right G/H coset, h € H and the left Haar measure is understood
in all group integrals. We can now remove the G/H component of grp by performing a
change of variable in the g integral with a 5D transformation A such that A(ZUV) =1 and
A(zm) = 7.5 After the change of variable, g;gp = h belongs to H so that when putting
together the Dh( ) and Dg(x, z) integrals we obtain an integral over the bulk gauge group
GUp, i.e. with the correct restriction at the I R. Then, we have

/ Dy(e,2)g=Flol = [ P3@) [ Po(e g F Ko (A2)

Note that J(x) can be identified with the Goldstone boson X we defined in section [, so
that we will change name to it from now on.'®

Let us now multiply the partition function (B.IT]) by “1” written as in eq. (P:1§) and
use eq. ([A2) to rewrite the group integral. Changing variables in the gauge field integral

we get

Z[B,] = /gB Dg/DZ/DA .2)5 _p, OXD [zs [(A( >>(g 1)”, (A.3)

where we used the delta function to perform the A, integral, so that in the above equation
A indicates a 5D vector with zero fifth component. Moreover, we neglected the determinant
of eq. (R.1§) and did not specify the IR boundary condition of the DA, integral. After
the A transformation those are given by eq. (R.16). Our action, including the CS term,
is by definition invariant under the elements of Gp since they reduce to H at the IR.
The Gp integral then factorizes out in eq. (A.J), we drop it and finally obtain the gauge-
fixed partition function. Ordinary I R boundary conditions (R.1() are restored by changing
variable in the DA, integral with a 5D gauge transformation of parameter 3(x). The
result is reported in eq. (B.§).

MIf G is a compact Lie group and H a closed subgroup, the group integral can be split as [@]

/Gdgf[gl=/G/Hdv{/Hdhfhoh]}-

where the appropriate left invariant Haar measures are understood in all integrals.
15We are assuming that 74(G/H) is trivial (see Footnote 4) so that the existence of A is guaranteed.
1To ensure G-invariance, the measure DY for the Goldstone bosons must be the left invariant Haar
measure of G/H, and this is exactly what we will find. The explicit form of DX is in general non-trivial,
and could be relevant for particular applications. A brief discussion of this subject and references to the
original literature can be found in |
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In the case of AdS/QCD a slight change in the above derivation is needed in order to
match the standard parametrization of the Goldstone boson fields. The analog of eq. ([A.1])
reads now

| Ponta,2)Don,2) Pl on] = (A4)
- /DgR(x)DgL(x)/DgR(x7z)g]l(zlll)glngL(x7z)gL(zlll)§LF[9L79R]
— [ Di@)D(2) [ Don(e,2)g 5. D10 ) =5 Pl ).

where we performed a change of variable g, (x) — 7 o gg(z) with 5 € I" and omitted for
shortness the UV restriction gr, g = 1. Changing variables in the g integral by a 5D
transformation A such that A(zr) =7 and A(zyy) = 1 we get

/DQR(%Z)gR:]lng(xaZ)gL:]lF[gIngR] -
:/D:?(:U) /DgR(x)/DgR(x? Z)gu(zm)zgupgl—f(l"Z)QL(Z[R):@{F[KOgL’gR]’(A's)

Putting the gr and gg, integrals together we obtain an integral over the Gg bulk gauge
group. The matrix ¥ € T' can be identified with the Goldstone boson matrix U~! of YPT.
We can now follow the procedure used in the general case and we get the same as eq. (.§)
in which A is now given by eq. (5.21).

B. Holography with boundary terms

In this appendix we will briefly discuss how to derive the holographic effective action in
the presence of localized terms at both the IR and UV branes. Such terms appear in
many interesting situations. In the presence of bulk scalars in AdSs, for instance, localized
masses are needed in order to have a zero mode. Furthermore, boundary terms for fermions
or gauge fields as well as fields localized on the UV boundary are often present in realistic
models both in flat [f], fi] and in warped space [§—[{].

The inclusion of localized IR terms in the holographic procedure is simply accom-
plished by modifying the IR boundary conditions.!” The latter are indeed modified by the
boundary terms and are derived requiring the variation of the action on the IR boundary
to vanish. Once the bulk equations of motion are solved with these new I R conditions, the
tree-level effective action can be computed as in section 3 by plugging the solutions back
into the 5D action.

The treatment of UV localized terms is even more straightforward. These terms are
functions of the field values at the UV boundary, thus they are functions of the holographic

fields and can be directly inserted into the effective action. This is clearly true for gauge

"Notice that the inclusion of TR boundary terms may induce a breaking of G/H at that boundary
directly into the action and not only through the boundary conditions. In such case the correct gauge-
fixing procedure is the one described in appendix A.
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and scalar fields, indeed in such cases one always chooses the boundary values of the non-
vanishing fields at the UV boundary as holographic degrees of freedom and a localized
term can be simply translated into a term of the effective action

SUV — /d%/dz 5(2 — 2ov)L(A,, @) — Sp, = /d% L(B,,®), (B.1)

where B,, and ¢ are the sources corresponding respectively to the gauge field A4, and to
the scalars ®.

A slightly different approach must be used when localized UV terms for the fermions
are present. In this case left- and right-handed components are related by the bulk equa-
tions of motion and only one of the two can be chosen as holographic degree of freedom.
Usually one chooses holographic fields of only one chirality, say L, independently of the
actual UV boundary conditions of the fields. In this case, as explained in section fJ, one
introduces some Lagrange multipliers in the effective action in order to set to zero the
components with D UV boundary conditions.

In the presence of localized terms for a component which is non-vanishing at the UV
boundary two possibilities can arise. As a first case, if that component has been chosen as a
holographic degree of freedom, the localized terms can be directly included in the effective
action as we did for the bosonic fields

Sgg = /d4m/dz 0(z — zuv)L(WYr) — Sp = /d4x L(xL), (B.2)

where Yy, is the source related to ¥y. Otherwise, if the boundary term is a function of a
component which is not present among the holographic fields, one can include it into the
effective action using the corresponding Lagrange multiplier (see [L§ for a more detailed
discussion)

STV — /d%/dz §(z — zuv)L(R) — Sp = /d% L(ARg), (B.3)

where Ap is the Lagrange multiplier associated to ¢ g.

Another situation which can be easily handled within the holographic procedure is
when localized fields at the UV boundary are coupled with bulk fields. The action for
the localized fields can be directly introduced into the effective action once their couplings
with the bulk fields are rewritten in terms of the sources (or, if necessary, in terms of the
Lagrange multipliers).

B.1 Effective action for scalars with localized mass terms

To clarify the treatment of boundary terms within the holographic procedure, let us derive
the effective action for a bulk scalar field ®, in a certain representation of the bulk group
G, with localized mass terms. The bulk action is given by

1 4™ 1 t M I oot
S5zg—§/dm/zw dz\/g[iDMtﬁD o —smiolo| . (B.4)
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For the components which are non-vanishing at the boundaries we also add localized mass
terms

ZIR
Sloc = % /d4x/z dza'(z) {5(2 — ZR) Z bL DD — (2 — zyy) Z bg/V@“/Tqﬂ'} ,
v a ;

' (B.5)
where the sum indices a (a') run over the components which are non-vanishing at the IR
(UV) boundary.

The holographic procedure, in analogy with the case of gauge and fermion fields (com-
pare eq. (B.9)), determines a relation between the UV value of the bulk fields and the
sources

B4 (z) = (6 NA(@), (B.6)

where ¢ represents the dynamical sources on the UV boundary, and X; is the Goldstone
boson matrix in the appropriate G representation. To compute the quadratic effective
action we must solve the linearized bulk EOM’s (see eq. ([C.24)) and express the solutions
as functions of the values of the fields on the UV boundary

A (p, z) = DA (p) fFA (D7, 2) (B.7)

with fs“‘(p27 zyv) = 1. The IR boundary conditions induced by the boundary terms are

[0.2%(p, 2) — a(2)b ®*(p, 2)]|,—,,, = 0,
{ CIﬁ(p, zir) = 0. (B-8)

Substituting the solutions into the action and using eq. (B.6) we find the tree level holo-

graphic action

Shzzéég de Y (o2.) 1w ) (30) - oy [ae et (B9)
5 A 95 a
Where H?(pQ) = aZfsA(p2’ Z)|Z:ZI‘V‘

The computation of the contribution to the one-loop effective potential coming from
scalar fields is similar to the one described for gauge bosons and fermions, thus we will
briefly report the results. The quadratic effective action for a scalar field, in the presence

of a background ¥ for the Goldstone bosons, can be written as
1 _
Si= [ate Yo ®) 8, (8.10)
95 a,b

where the sum is over the dynamical fields. The scalar contribution to the one-loop effective
potential is

4
V,(5) = / éj:ﬁ log [Det (I1,(5))] . (B.11)

where the momentum has been rotated into the Euclidean space.
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C. Bulk wavefunctions

In this appendix we report the form of the solutions of the bulk EOM’s, which are needed
to compute the holographic action and the effective potential. We derive the wavefunctions
for gauge fields, fermions and scalars in the AdS and flat space cases. For gauge fields and
fermions we consider an action without localized terms. In the case of scalars, as customary,
we include also the boundary mass terms which are needed to obtain 4D zero modes in

the AdS case.

C.1 Gauge fields

We consider a gauge theory with gauge group G broken to a subgroup H at the IR
boundary. We will denote by a the unbroken generators, namely those in H, and by a the
broken generators, namely those in G/H. The 5D action is given by

Sp = % /d4x/ ) dz a(z) Tr [—%FWFW +0,A,0.A"| . (C.1)
95 Zuv
The bulk EOM’s are
0" AL, — —0.(a(2)0.) A%, =0, ———0,(a(2)0:)Af, = 0. (C.2)

a(z) a(z)
where Ai‘ ; are, respectively, the transverse and longitudinal components. The I R boundary
conditions are

8ZA§; v
A’d

t,lv

=0,
= C.3
" (C.3)

Z=ZIR

In the following we will denote generically by A* and A~ any field corresponding respec-
tively to the unbroken subgroup H or to the broken generators in G/H.
Using the definitions in eq. (B.1) and in eq. (B.d) in the AdS case (a(z) = L/z) we find

1
PFE ) 20, (10.) FE(2) =0, (€4
with the IR boundary conditions

82F+(p? Z)|z=zm = 0’ (05)
F_(p? Z)|z:Zm = 0

At the UV boundary we must impose
F*(p, z) = 1. (C6)
The general solution of eq. (C-4) is
F*(p,2) = bz(J1(p2) + cYi(p2)). (C.7)

Imposing the boundary conditions we get

_ h:t(pa Z)
F(p,2) = B (py 2oy) (C.8)
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with

hi(p, 2) = z (Yo(pzw)J1(pz) — Jo(p2m)Y1(p2)) | (C.9)
h—(p,2) = z (Yi(pzn) J1(pz) — J1(pzin) Y1(p2)) -
The derivatives of h4 with respect to z are
Wy (p, 2) = pz (Yo(pzi) Jo(pz) — Jo(pzi) Yo(p2)) (C.10)
h_(p, z) = pz (Yi(pzw) Jo(p2) — J1(p2im)Yo(p2)) ,
so that L )
= A .11
! h+(p, zuv) ( )
A simple relation links IT# to 19 and IT}:
I =110 + 11} . (C.12)

For a theory compactified on a flat space (a(z) = 1, zyy = 0 and zr = 7R), the
definitions in eqs. (C.§), (C11)) and (C.17) remain valid and h4 are given by

hi(p, 2) = cos(p(rR — 2)),
{ h_(p,z) = sin(p(7R — 2)). (C.13)

C.2 Fermions

We consider a bulk fermion ¥ with an odd mass term
1 ZIR ) y o
S5 = — /d%/ dz \/g B\I}e%FADM\I/ - %(DM\I/)TF%%FA\I/ —MU¥| , (C.14)
95 Zuv

where we defined the 5D T' matrices I'* = {y#, —i7°}, the inverse vielbein e = 6} /a(2)
and the covariant derivative Dy; = Oy + %wM n B[FA, rs | with wy,4p whose only non van-
ishing component is wya5 = (Mue/a(2))0.a(z). Notice that we normalized the action with
a factor 1/ gg, where g5 is the 5D gauge coupling. This ensures that the dimensions of the
fields are the same in 5D and in the 4D effective action and simplifies the relation between
bulk and holographic fields. The bulk equations of motion are

0.a(z)
a(z)

where g 1, denote the left- and right-handed components of ¥ which satisfy the condition

0, +2 + a(z)M T/JLJ{ = :Eﬂ?/)R,L , (C.15)

751/137 1 = £9Yg . The bulk equation can be solved rewriting 9r 1, as

N h N
Yr.L(p,2) = dr,.(p, 2)YR,L(D) #%1/11%@(]9), (C.16)

where T,/Z)\R, 1, are the values of the fields on the UV boundary and dpg j, satisfy the condition
dr,1(p, zuv) = 1. The equations of motion relate r and vy

) hr (Z% ZUV)

=P 5. 200) D1 (p) = pfR(P: 20v)dL(p) (C.17)

PR
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so that only one of the two fields can be chosen as holographic degree of freedom.
In the AdS case, the bulk equations of motion become

(20, — (2F ML) hy r(p,2) = £2phrr(p, 2). (C.18)

Denoting by d* the solutions in the cases in which ) r,r. has D boundary conditions at the
IR one finds

hf(pa z) = 252 [5@11/2(PZIR)J(:+1/2(2?Z) - Jc¢1/2(pZIR,)Yc+1/2(PZ)} ) (C.19)
hE(p,2) = 252 [Yoz1 jo(p2im) o1 /2(02) — Jezr1/2(p2im) Yeo1/2(p2)]
where c = M L.
In the flat space case one finds
hi (p,z) = sin(w(rR — z)) ,
hg(p,z) = 11) [—wcos(w(mR — 2)) + M sin(w(mR — 2))] , (C.20)
and )
hi == R - M si R—
F(p.2) =~ [weos(w(rR = 2)) + Msin(w(xR = 2))] o

hE(p, z) = sin(w(rR — 2)),

where w? = p? — M?2.

C.3 Scalars

We consider a bulk scalar field ® with bulk action given in eq. (B.4). For a field which is
non-vanishing at both boundaries we also add localized mass terms of the form

Sloc = 2—;2] /d4x /ZUZ\IR dz a*(2) {—b [0(z — zuy) — 0(2z — z1m)] <I>T<I>} , (C.22)

where b= (2+ «)/L and a = /4 + miLQ. This particular choice of the coefficients is the
one which allows a 4D scalar zero mode for an AdS metric. Of course when the scalar
field satisfies D conditions at a boundary the corresponding mass term in eq. ([C.29) is not
included.

In this appendix we are interested in computing the solutions of the bulk EOM’s with
fixed UV values for the fields, thus we only need to consider the IR localized terms. In
order to solve the linearized equations of motion we write the fields as

(p,2) = B(p)f(2). (C.23)
Imposing the variation of the action in eq. (B.4) to vanish, we find
1
P’f(2) + =5 =0:(a°(2)0.f(2)) + a*(2)m3 f (2) = 0, (C.24)

a3(z)

while the I R boundary conditions are

{ (@ (2)0: = b) fF(2)]=2 = 0,

7 (2)]o=z = 0, (C.25)
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where f* represent the solutions which are respectively non-vanishing at the IR boundary
or satisfy D conditions.

In the AdS case the solutions of the equations of motions are

+ VA
) = s (©.26)
where
{ h+(pa Z) = Z2 [Yail(pZIR)Ja(pz) - Jail(pZIR,)Ya(pz)] s (027)
h™(p, 2) = 22 Yo (p2ir) Ja (p2) — Jo(p2in) Ya(p2)]

with the + signs corresponding to the cases b = (2 + «)/L.
In the flat space case with arbitrary b, the solutions of the equations of motion can be

written as in eq. (C.26) with
(C.28)

2

where w? = p? — my.
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